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Abstract
We study classical and quantum finite-size corrections to giant magnons in AdS4 ×
CP 3 using generalised Lu¨scher formulae. Lu¨scher F-terms are organised in pow-
ers of the exponential suppression factor (e−∆/2h)m, and we calculate all terms in
this series, matching one-loop algebraic curve results from our previous paper [1].
Starting with the second term, the structure of these terms is different to those in
AdS5 × S5 thanks to the appearance of heavy modes in the loop, which can here be
interpreted as two-particle bound states in the mirror theory. By contrast, physical
bound states can represent dyonic giant magnons, and we also calculate F-terms
for these solutions. Lu¨scher µ-terms, suppressed by e−∆/E , instead give at leading
order the classical finite-size correction. For the elementary dyonic giant magnon we
recover the correction given by [2]. We then extend this to calculate the next term in
1/h, giving a one-loop prediction. Finally we also calculate F-terms for the various
composite giant magnons, RP 3 and ‘big’, again finding agreement to all orders.
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1 Introduction
The Lu¨scher formulae arise from one-loop Feynman diagrams in which a propagator circles the
space [3–5]. Since such diagrams are the only ones not present in infinite volume, they give finite-
volume corrections. And because the large-volume limit puts this propagator on-shell, they can
be written in terms of the S-matrix for asymptotic states.
In the AdS/CFT context, the relevant spatial circle is either the position along the spin chain
(at weak coupling) or else on the worldsheet of a closed string (at strong coupling), and the S-
matrix is known for all values of the coupling [6–9]. At weak coupling, Lu¨scher corrections can be
successfully summed to reach all the way to the shortest nontrivial chain, the Konishi operator
[10]. In this paper however we will be working on the string side of the correspondence, and
following [11–13] to look at corrections to giant magnons [14]. These initially have E = ∆−J/2
finite, with ∆ infinite, and we will be interested in exponential corrections starting with these:
δEF = e−∆/2ha1,0
first F-term
+
(
e−∆/2h
)2
a2,0
second F-term
+ O(e−∆/2h)3. (1)
We will calculate these for the correspondence between ABJM theory and IIA strings in AdS4×
CP 3 [15, 16], using the all-loop S-matrix of [17]. (For the related asymptotic Bethe ansatz,
see [18].) Lu¨scher corrections in this theory were also studied by [19–22].
Our first goal is to compare these F-terms to the string theory calculation of [1]. There we
computed semiclassical corrections to the energy of giant magnons, both in infinite volume, and
obtaining a series of exponential corrections. The subtleties of that calculation arose from the
presence of heavy modes, and how to impose a cutoff on these. The first F-term depends only
on the light modes, but the second F-term also has a contribution from the heavy modes.
The existence of heavy and light modes is a novel feature of this version of the correspondence,
compared to the more familiar SYM / AdS5 × S5 case. From the sigma-model perspective they
are simply half the directions in target space, where some have radius of curvature R and some
R/2. (Although some interesting effects are seen at one loop, see [23,24].) By contrast the spin
chain has only the light degrees of freedom, and there are no physical bound states corresponding
to the heavy modes visible in the S-matrix.
There are however bound states corresponding to particles in the mirror theory, which is
where the particle running in the loop lives [25, 26]. By including these when calculating the
second F-term, we are able to match the term coming from the heavy modes. For this, we need
the bound-state S-matrix S2−1 derived by [27,28]. At the same order there is also a contribution
from the light mode circling the space twice, of the type studied by [29]. Further terms of
this form (including heavy modes circling the space several times) allow us to get all orders of
F-terms.
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Dyonic giant magnons are of course physical bound states (of Q ∼ h of the same type of
particle). These have been studied by [30–32], and the appropriate S-matrix is simply constructed
by fusion: S1−Q =
∏Q
S1−1. We are able to extend our calculation of second (and higher) order
F-terms to the dyonic case by similarly deriving a mixed S-matrix S2−Q =
∏Q
S2−1 for virtual–
physical scattering.
In addition to F-terms, which are integrals over Euclidean momentum, poles in the S-matrix
give rise to µ-terms. Because the pole is not at the saddle point of the integral, these come with
a different exponential factor. We will calculate the following:
δEµ = e−∆/E
[
h aclass.0,1 + a
subl.
0,1 +O
( 1
h
)]
. (2)
The leading µ-term gives rise to the classical (order h ∼ √λ) finite-volume correction, as first
studied by [33]. Here we will be able to recover the result of [2], for an elementary dyonic giant
magnon (in CP 2). The analogous agreement in AdS5 × S5 is between [31] and [34]. We then
extend this calculation to give the subleading term, providing a one-loop prediction. Some similar
terms were calculated by [35,19].
In addition to the elementary giant magnon and its dyonic version [2, 36], there are various
other giant magnons which are understood to be superpositions of two of these [36, 32]. We
calculate similar F-terms for all of these.
Outline
We begin with the F-term calculations in section 2, reviewing the calculation of the first F-term
before turning to the second F-term, and then to all higher orders. The µ-term corrections arise
from poles in the same integrals, and we treat these in section 3. We then turn to composite
magnons (RP 3 and the ‘big magnon’) in section 4.
In the appendix, we calculate µ-terms for the magnon in S5, review the various two-particle
and bound-state S-matrices, and finally write some formulae for the algebraic curve.
2 Lüscher F-term Corrections
The basic formula for the F-term is
δEF =
 ∞
−∞
dq
2pi
(
1− ε
′(p)
ε′(q?)
)
e−iq?L
∑
b
(−1)Fb
[
Sbaba(q?, p)− 1
]
. (3)
This gives an energy correction to a particle of type a (and momentum p) due to a virtual particle
of any type b circling the cylinder, size L. This formula was first derived for a relativistic system
ε(p) =
√
p2 +m2 [4,5] but holds for an arbitrary dispersion relation ε(p) [12].1 The momentum
q? is defined as a function of q by the on-shell condition
q2 + ε2(q?) = 0 . (4)
The integration contour in (3) has the Euclidean energy q real, and thus q? is imaginary. In this
notation the Lorentzian two-momenta of the real and virtual particles are
pµ = ((p), p) and qµ = (iq, q?) .
1Note that [12] are missing a factor (−1)F which was restored by [13] and [29]. Note also that the virtual
particle need not have the same dispersion relation as the real particle; in general we may sum over several kinds
of them, each with some εb(q?).
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It is the fact that both particles are on-shell which allows one to replace the (infinite-volume)
four-point vertex G4(−pµ,−qµ, pµ, qµ, ) with the asymptotic S-matrix S(q?, p) when deriving
(3). This is a consequence of moving the
´
dq1 contour and crossing a pole of the propagator
G(qµ) located at q1 = q?, while the other component of the loop integration
´
dq0E survives in
the resulting formula.
While this formula does not assume integrability, it has often been useful there, since the
S-matrix plays such a central role. In the AdS/CFT context, these corrections were calculated
for giant magnons in S5 by [12,29,13], and in CP 3 by [19,20]. They provide an important check
on the large-volume expansion of the thermodynamic Bethe ansatz (TBA) equations.
The dispersion relation for the CP 3 giant magnon we are interested in is
EQ(p) =
√
Q2
4
+ 4h2 sin2
p
2
. (5)
Here Q = 1 is the case of a single elementary magnon, for which we write ε(p) = 2h sin p2 +
O(1/h), and h = √λ/2 +O(λ0) is the coupling.
We study generalisations of existing calculations in two directions:
• To higher-order F-terms, in which the virtual particle either circles the cylinder more than
once, or else is replaced by a bound state.
• To treat dyonic magnons Q ∼ h, for both first and higher F-terms.
In both cases the corresponding string calculations were given in [1], using the algebraic curve.
There one obtains an integral very similar to (3), and it is easiest to simply compare the inte-
grands.
2.1 Review of the simplest comparison
Before we get started with generalisations, let us recall how to connect the F-term formula (3)
to algebraic curve results, and fix some notation.
The real particle a = 1 with two-momentum (ε(p), p) is described using the Zhukovski
variables x± as usual, see (52), and for Q = 1 these obey
x± = e±ip/2 +O( 1
h
). (6)
For the virtual particle b with (iq, q?), we call the spectral parameters y
±. It is useful to define
x by [13,19]
x+
1
x
= y± +
1
y±
± 1
2ih
(7)
which implies Q(y±) = 1 exactly, and the following expansions:
y± = x± i x
2
2h(x2 − 1) +O
( 1
h2
)
q? = −i log y
+
y−
=
1
h
x
x2 − 1 +O
( 1
h3
)
(8)
q = −i ε(q?) = i
2
(
x2 + 1
x2 − 1
)
+O
( 1
h2
)
.
From the last equation we see that the integral along the real line of q will become an integral
along the upper half unit circle in x. And on this circle, q? is imaginary, as well as small. We
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will also need:
ε′(q?) = −i h 2x
x2 + 1
+O
( 1
h
)
(9)
The S-matrix of [17] for the scattering of a particle type A (and a = 1) with one of type A
or B (and b = 1, 2, 3, 4) can be written as follows:
Sb(y
±, x±) = SAA = Sˆb1b1 nσ
S˜b(y
±, x±) = SAB = Sˆb1b1 n˜ σ .
Here our notation is to write
n(y±, x±) =
1− 1y+x−
1− 1y−x+
, n˜(y±, x±) =
y− − x+
y+ − x− .
As usual σ is the BES dressing phase [37, 38], and the relevant terms of the su(2|2) invariant
matrix part [7, 9] are:
Sˆ = a1E
11
11 + (a1 + a2)E
21
21 + a6(E
31
31 + E
41
41)
where, in the string frame,
a1(y
±, x±) =
1
n˜(y±, x±)
√
x+
x−
√
y−
y+
.
We give all the other components in appendix B.2. Using the y± = x +O(1/h) as above, they
become simply
a1 =
x− x−
x− x+
√
x+
x−
+O
( 1
h
)
, a2 = 0 + . . . , a6 = 1 + . . . (10)
and the phase parts become
σ = σAFS +O
( 1
h
)
=
x− 1/x+
x− 1/x− e
− i x
h(x2−1) (E−
Q
2 ) +O
( 1
h
)
(11)
n =
x− 1/x−
x− 1/x+ + . . . , n˜ =
x− x+
x− x− + . . . .
We are now ready to compare to the algebraic curve calculation. The kinematic factor above
gives essentially the frequency factor of the integral there:2
 
R
dq
2pii
(
1− ε
′(p)
ε′(q?)
)
. . . =
1
2pi
ˆ
U+
dx ∂xΩ45(x) . . . . (12)
2More correctly, on the right hand side we had in [1]
1
4pi
 
U+
dx ∂xΩ45(x) . . .+
1
4pi
 
U−
dx ∂xΩ45(x) . . .
Both halves of this integral give the same contribution to the F-term.
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Figure 1: Sketch showing the first F-term, for a single magnon (left) and for a dyonic magnon (right). In
the dyonic case (drawn as if Q = 4 although in reality Q ∼ h  1) we attempt to show that
the relevant S-matrix is constructed by fusion: S1−Q =
∏Q S1−1.
The remaining factor in the integrand is
e−iq?L
∑
b
(−1)Fb
(
Sb + S˜b
)
(y±, x±) = e−iq?L
[
a1 + (a1 + a2)− 2a6
]
σ(n+ n˜)
=
[
2a1(x, x
±)− 2] 2e− i xh(x2−1) (L+E−Q2 ) +O( 1
h
)
= F
(`=1)
light
∣∣∣
Q=1
+O
( 1
h
)
.
The notation from [1] which we use here is that
Ω45(x) =
1
x2 − 1
(
1− x X
+ +X−
X+X− + 1
)
(13)
F
(`)
light =
∑
ij light
(−1)Fije−i `[qi(x)−qj(x)].
The off-shell frequency Ωij(x) is the same for all light modes, and twice this for all heavy modes.
In the exponent qi(x) are the quasimomenta, which have the following poles at x = 1 [39]:
qi(x) =

α xx2−1 +O(x− 1)0, i = 1, 2, 3, 4
0 +O(x− 1)0, i = 5, 6
−α xx2−1 +O(x− 1)0, i = 7, 8, 9, 10, where α = ∆/h .
(14)
Light modes are polarisations (i, j) in which one of the sheets is 5 or 6, while heavy modes connect
one sheet i ≤ 4 to another with j ≥ 7. Thus the contribution Flight comes with exp(− ih xx2−1∆) =
exp(− ih xx2−1 (E + J/2)), and so for the agreement of exponents above, we have set
L =
J
2
(15)
and dropped the Q/2 appearing in (11), since this is order 1.
2.2 Dyonic magnon F-term
The first step we take is to consider corrections to a dyonic magnon. This is a bound state of
Q ∼ h 1 of the elementary particles of the same kind (taken to be of type A, and a = 1), and
it is the pole in a1 at y
− = x+ which allows the bound state to form. The constituent particles
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then have
x−k = x
+
k−1, k = 1, 2, . . . Q .
The relevant bound-state S-matrix is simply the product of the constituent S-matrices, which
we illustrate as disjoint red balls in figure 1. It has the property that all dependence on the
intermediate x+k cancels out, leaving only X
− = x−1 and X
+ = x+Q. (We review this construction
in appendix B.3.) The result is
Sb(y
±, X±) ≡ SAA1−Q(y±, X±)b1b1 =
Q∏
k=1
Sb(y
±, x±k )
= sb(y
±, X±) SBDS(y±, X±)
√
X+
X−
(
y−
y+
)Q/2
σ(y±, X±)
or, if the virtual particle is type B,
S˜b(y
±, X±) ≡ SBA1−Q(y±, X±)b1b1 = sb(y±, X±)
√
X+
X−
(
y−
y+
)Q/2
σ(y±, X±) .
Then we want to evaluate the following sum:
e−iq?L
∑
b
(−1)Fb(Sb + S˜b) = e−iq?L (SBDS + 1) (s1 + s2 − s3 − s4)
√
X+
X−
(
y−
y+
)Q/2
σ(y±, X±)
(16)
= e−iq?L
(
n2
n˜2
+ 1
)(
1 +
n˜
n
− 2n˜ e−ip/2
)
eip/2
1
n
e
− ih xx2−1 (E−Q/2) +O
( 1
h
)
= F
(`=1)
light +O
( 1
h
)
where we have used y± = x+O(1/h) and that (11) still holds in the dyonic case.
This is the dyonic generalisation of the term calculated in [19], and the same result was also
found by [22]. It matches the algebraic curve calculation we gave in [1].
2.3 Higher F-terms
By higher F-terms we mean those suppressed by3(
e−∆/2h
)m
, m = 2, 3, 4 . . . .
Such Lu¨scher terms were studied in [29], where they arose from diagrams in which a virtual
particle circles the cylinder twice (or m times). The calculation performed there is a semiclassical
mode sum, in which the mode b has a phase shift eiδba(k,p) = Sbaba(k, p). To get the m = 2 term,
they use a cylinder of size 2L and a phase shift 2δ. Adding up all terms leads them to the
following formula (their equation (33) or (3.8)):
δE =
−1
2pii
 ∞
−∞
dq? [ε
′(q?)− ε′(p)]
∑
b
(−1)Fb log
(
1− Sb1b1(q?, p)e−iq?L
1− e−iq?L
)
. (17)
3These we referred to as ‘sub-subleading’ corrections in the algebraic curve calculation [1], in which the ordi-
nary F-term was subleading to the infinite-volume one-loop correction. But in this paper we want to distinguish
these from subsequent terms in 1/h.
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Expanding this with − log
(
1−S e−L
1−e−L
)
= e−L(S − 1) + 12e−2L(S2 − 1) + 13e−3L(S3 − 1) + . . . we
write the m component as
δEF,mHJL =
1
2pi
 ∞
−∞
dq
(
1− ε
′(p)
ε′(q?)
)
e−miq?L
1
m
∑
b
(−1)Fb [Sb1b1(q?, p)m − 1] . (18)
Here we changed the integration variable, and also the contour — [29]’s derivation has q? real,
and we assume that this can be rotated back to imaginary in the same way as the m = 1 term.
Notice that we can drop the final −1 from this formula, since ∑b(−1)Fb1 = 0 as we have always
equally many bosons and fermions.
To apply this result to CP 3 giant magnons, we should extend the sum over b to also include
whether the virtual particle is of type A or B. Then we obtain the following result, corresponding
to the left half of figure 2:
e−2iq?L
4∑
b=1
(−1)Fb
[
(Sb)
2 + (S˜b)
2
]
= e−2iq?L
[
a21 + (a1 + a2)
2 − 2(a6)2
] (
n2 + n˜2
)
(σAFS)
2
= e
−2i αx
x2−1 4
[
a1(x, x
±)− 1]+O( 1
h
)
. (19)
The kinematic factor is the same as for the m = 1 case, (12).
Now let us compare this to the algebraic curve calculation in [1], where we wrote:4
δEFnew = −
1
4i
˛
U
dx
∑
ij
(−1)Fij q
′
i(x)− q′j(x)
2pi
cot
(qi(x)− qj(x)
2
)
Ωij(x) (20)
=
∑
`=1,2,3...
−1
4pii
∑
±
 
U±
dx
∑
ij
(−1)Fije∓`i(qi−qj) 1
`
∂xΩij(x). (21)
The terms in this sum are not the same as those in (18), because the heavy modes at ` contribute
to m = 2`. (This is because both qi and qj contribute to the pole at x = ±1, see (14), rather
than just one for the light mode.) Thus the m = 1 term checked in [1,22] involves only the light
modes, while the m = 2 term involves also the heavy modes. We wrote this term as
δEF,2 = − 1
2pii
 
U+
dx
[
1
2
F
(`=2)
light Ω
′
45(x) + F
(`=1)
heavy 2Ω
′
45(x)
]
(22)
and had the following expressions for the
∑
ij(−1)Fije−`i(qi−qj) factor:
F
(`=2)
light
∣∣∣
Q=1
= e
−2i αx
x2−1
4(x2 − 1) (eip − 1)
(x− eip/2)2
F
(`=1)
heavy
∣∣∣
Q=1
= e
−2i αx
x2−1
(x+ 1)
(
eip/2 − 1) (eip/2(3 + x)− (3x+ 1))(
x− eip/2)2 . (23)
It is easy to see that the term coming from the light modes alone matches the m = 2 term from
HJL, (18) above. (The factor 12 in (22) is the
1
m in (18) of course. See section 2.6 for comparison
at general m.) The term from the heavy modes requires a different explanation.
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Figure 2: Sketch showing the second F-term for a single magnon. On the left is the contribution of
a virtual particle circling the space twice, as in HJL, producing (S1−1)2. On the right the
contribution of a heavy mode (i.e. an M = 2 bound state) for which we need S2−1.
2.4 Heavy modes and virtual bound states
The sum over virtual particles in (3) should also run over all possible bound states. However
the bound states we are interested in are those in the mirror theory, and because of this, we
are interested in poles at y+ = x−, rather than those at y− = x+ needed to build the dyonic
magnon above.
In the ABJM case it is S˜ = SAB which has these poles. We can read off the list of possible
AB bound states from (55) – only E1111 and E
22
22 come with a1 which cancels the pole from n˜.
Thus we obtain the following list:
bose+bose: 1+2
fermi+fermi: 3+3, 3+4, 4+4
bose+fermi: 1+3, 1+4, 2+3, 2+4 .
(24)
This is very similar to the off-shell construction of heavy modes in the algebraic curve, [40, 1],
where again there is one heavy boson made from a pair of light bosons, and three made from a
pair of fermions.
The first rather naive way to proceed is to use for S-matrix simply the product of those for
the constituent light modes. This does lead us to the right answer:
e−2iq?L
∑
b+c=heavy
(−1)Fb+cSbS˜c =
[
a1(a1 + a2) + 3(a6)
2 − 2a1a6 − 2(a1 + a2)a6
]
nn˜ σ2 (25)
= e
−2i αx
x2−1 (a21 − 4a1 + 3) +O
( 1
h
)
= F
(`=1)
heavy
∣∣∣
Q=1
+ . . . .
We have used here that the parameters of the constituents are all y±k = x+O(1/h), and thus ai
simplify exactly as before, (10). In full, defining x by (7) with ±M/2ih on the right, and taking
M = 2, the constituent points are5
Y − = y−1 = x− ix
2
h(x2−1) +O( 1h2 )
y+1 = y
−
2 = x
y+2 = Y
+ = x+ ix
2
h(x2−1) + . . . .
(26)
4This expansion in ` is also given in [13], their (4.1), but missing the 1/` factor.
5Note that despite this virtual bound state arising from a different pole, we can still overlap these y−k = y
+
k−1
as for the real bound state. This is simply a choice of how to label them.
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Using these the AFS dressing phase is the square of that in (11):
σ(y±1 , x
±)σ(y±2 , x
±) = σ(Y ±, x±) =
(
x− 1/x+
x− 1/x−
)2
e
− 2ih xx2−1 (E−
Q
2 ) +O
( 1
h
)
.
Less naively, we should use the bound-state S-matrix S2−1(Y ±, x±)b1b1 derived by [27,28]. The
particular matrix elements we need are the same ones recently used in [41] (although here we
turn off the β twist factors), which correspond to the transfer matrix eigenvalues used in [42,43]:
T
SU(2)
M,1 = (−1)M
[
(M + 1) a55 + (M − 1) 2a88 −M a99 −M
a99 + a
3
3
2
]
.
Using the appropriate prefactors for ABJM (as reviewed in appendix B.4), we are led to the
following expression, corresponding to the right half of figure 2:
e−2iq?L
8∑
b=1
(−1)F ii Sb = e−2iq?L
[
3a55 + 2a
8
8 − 2a99 − (a99 + a33)
]
(x±, Y ±)
× n(y±1 , x±)n˜(y±2 , x±) σ(Y ±, x±)
= F
(`=1)
heavy
∣∣∣
Q=1
+O
( 1
h
)
.
Note that while we are using the correct mirror–physical bound-state matrix elements here,
we are still using a naive analytic continuation of the physical dressing phase σ(x±, Y ±) in
order to evaluate it at this Y ±. This is commonly done for F-term calculations, as for instance
in [19–22], and it does give the correct answer here. We have also checked that the strong-coupling
limit of the mirror–physical dressing phase computed in [44] reduces to this.
Kinetic factor
In (3) we are allowed to use two different dispersion relations for the real and the virtual particles.
Since y±k form a bound state, we should use for the virtual particle E(q?) = EM (q?). For clarity
let us write this for general M , where we will have Y ± = x± iM x22h(x2−1) +O( 1h2 ) and thus
q? =
M
h
x
x2 − 1 +O
( 1
h3
)
, q =
iM
2
(
x2 + 1
x2 − 1
)
+O
( 1
h2
)
.
Then (9) is unchanged at this order:
E ′(q?) = h 2x
x2 + 1
+O
( 1
h
)
.
Define q? = q?/M and q = q/M , which are essentially the momentum and energy of each of
the constituents of the virtual bound state. Then in terms of these, the on-shell condition can
be re-written
q2 + E(q?)2 = 0 ⇒ q2 + ε(q?)2 = 0 +O
(M
h2
)
.
and thus (iq, q?) describe a single on-shell particle, (4). We can now re-write the natural kinetic
factor from (3) in terms of the new barred variables:
 
dq
(
1− 
′(p)
E ′(q?)
)
e−i q? L . . . =
 
dq
(
1− 
′(p)
ε′(q?)
)
e−iMq? LM × . . . . (27)
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Figure 3: Sketch showing the second F-term for a dyonic magnon. For the light mode running in the loop
(left) we need (S1−Q)2. For a heavy mode running in the loop (right) we need S2−Q, which we
construct by fusion as
∏Q S2−1.
Now since q = 1h
x
x2−1 , we can drop the bar and combine this with the light mode integral, and
then write this in terms of x as before. The only new features are an overall factor of M , and
ML in the exponent, both of which are exactly what we wanted in order to match (22) when
M = 2.
Note, aside, that what we have written here would be equally true if we used for the virtual
particle instead E(q?) = Mε(q?/M). This is simply a superposition of two particles, like the
RP 2 giant magnon.
2.5 Dyonic second F-term
We can now extend this to allow the external particle to be a physical bound state, i.e. a dyonic
giant magnon. We will still have the same two contributions, this time illustrated in figure 3.
The first is from a fundamental virtual particle going around twice:
e−2iq?L
∑
b
(−1)Fb
[
Sb(y
±, X±)2 + S˜b(y±, X±)2
]
= e−2iq?L
[
(SBDS)
2 + 1
] [
(s1)
2 + (s2)
2 − (s3)2 − (s4)2
]
X+
X−
(
y−
y+
)Q
σ2(y±, X±)
= F
(`=2)
light +O
( 1
h
)
.
And the second contribution is from a virtual bound state running in the loop. For this last
contribution, we need to derive S2−Q from S2−1 by fusion. We give details of this in appendix
B.5, and here simply write down the result:
e−2iq?L
8∑
b=1
(−1)FSb(Y ±, X±) = T0(y±1 , y±2 , X±)
[
3t1 + t4 − 2t5 − 2t7
]
σ(Y ±, X±)
= F
(`=1)
heavy +O
( 1
h
)
. (28)
We did not explicitly show the results of the corresponding algebraic curve calculation in [1]
for the dyonic case. They do however match the present calculation exactly. (We give all the
necessary formulae in appendix C.)
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2.6 All higher F-terms
It is possible to extend our results above to treat all higher F-terms. By doing so we can recover
exactly the corresponding algebraic curve results. We do this using virtual elementary particles
and two-particle (M = 2) bound states.
What is not entirely clear to us is how, without knowing about the string theory, one would
know to include M = 2 but not for instance the M = 3, 4 virtual bound states. There is
no obvious distinction visible from the S-matrix. Certainly adding such terms would spoil the
agreement, starting with the 3rd F-term, because there are no corresponding modes in the
algebraic curve (or in the worldsheet sigma-model) with mass 3 or 4. In the analogous AdS5×S5
calculation one does not include any virtual bound states, and the analogous justification is to
note that all modes of the string have mass 1.
Let us now state the results. We obtain agreement of δEF,m for all m as follows:
• For odd m the only contribution is from the light modes. Comparing (18) and (21), what
we need is
e−imq?L
4∑
b=1
(−1)Fb
[
(Sb)
m + (S˜b)
m
]
= F
(m)
light =
∑
ij light
(−1)Fije−im(qi−qj) +O
( 1
h
)
.
This remains true if the physical particle is a dyonic magnon, interpreting Sb as in (16).
• For even m there is in addition a contribution from the heavy modes circling the space
` = m/2 times. The agreement for this term comes from
e−i`2q?L
8∑
b=1
(−1)Fb(Sb)` = F (`)heavy =
∑
ij heavy
(−1)Fije−i`(qi−qj) +O
( 1
h
)
.
Here e−im2q?L is from (27), appropriately generalised. This agreement also holds for the
dyonic case, where like (28) we use the mixed bound state S-matrix S2−Q:
e−i`2q?LT `0 (y
±
1 , y
±
2 , X
±)
[
3t`1 + t
`
4 − 2t`5 − 2t`7
]
σ`(Y ±, X±) = F (`)heavy +O
( 1
h
)
.
We can write the total correction at this order as
δEF,m =
1
2pi
 ∞
−∞
dq
(
1− ε
′(p)
ε′(q?)
)[
1
m
F
(m)
light +
1
m/2
2F
(m/2)
heavy
]
+O
( 1
h
)
. (29)
Both of these expansions in m come from exact formulae, (17) and (20). A convenient form in
which to write the agreement to all orders is the following:6
4∏
b=1
[(
1− Sbe−iq∗L
) (
1− S˜be−iq∗L
)](−1)Fb
=
∏
ij light
[
1− e−i(qi−qj)
](−1)Fij
+O
( 1
h
)
(30)
8∏
b=1
[
1− (S2−Q)be−iq∗L
](−1)Fb
=
∏
ij heavy
[
1− e−i(qi−qj)
](−1)Fij
+O
( 1
h
)
. (31)
6Recall that Sb = S
AA
1−Q(y
±, X±)b1b1, S˜b = S
AB
1−Q(y
±, X±)b1b1 in our notation, and (S2−Q)b = S(Y
±, X±)b1b1.
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3 Lüscher µ-term Corrections
In the field-theoretic derivation of the F-term formula (3), there is one diagram whose
´
dq
contour must be moved by ip0 before combining with the others. If this crosses any poles, they
give rise to extra contributions, which are called µ-terms. The generic formula is
δEµ = Re{ −i
(
1− ε
′(p)
ε′(q˜?)
)
e−iq˜?L
∑
b
(−1)Fb Res
q=q˜
[
Sbaba(q?(q), p)− 1
]
} . (32)
Not only are both real and virtual particles on-shell (as for the F-terms), but the loop momentum
qµ is now completely fixed to discrete values: q˜ is Euclidean energy at which there is a pole, and
q˜? is the corresponding momentum, given by (4).
The first calculation of µ-terms for giant magnons was [12], recovering the classical finite-size
corrections of [33,45]. The dyonic version of this was studied by [31].
For magnons in AdS4 × CP 3, classical µ-terms have been studied by [20, 19, 21]. For the
giant magnon in RP 2, these papers correctly recovered the AFZ correction [46, 2]. But for the
elementary magnon (in CP 1) they obtained zero, apparently in contradiction with the string
sigma-model [47, 48, 33]. The same zero result was also obtained by the first algebraic curve
calculation [20], and this was shown to be an order-of-limits problem in [2], but to date this has
not been resolved in the literature on Lu¨scher corrections.
We therefore compute µ-terms for the dyonic elementary magnon, i.e. for the giant magnon
solution in CP 2 of [2, 36]. We are able to recover the classical algebraic curve result of [2] for
this correction. This classical term is the leading one in an expansion in 1/h, and we go on to
evaluate the formula (32) at the subleading order. Such a subleading term was calculated by [35]
in AdS5 × S5 (where it was compared to a one-loop algebraic curve calculation) and by [19] for
the case of the RP 2 giant magnon in AdS4 × CP 3.
3.1 Setup
The pole in the S-matrix which normally gives rise to (32) is at y− = X+. To find the pieces we
need, solve the equation Q(y±) = 1 for y+, to get
y+ = X+ +
i
h
X+2
X+2 − 1 +
1
h2
X+3
(X+2 − 1)3 +O
( 1
h3
)
. (33)
Then the momentum of the virtual particle is
q? = −i log y
+
y−
=
1
h
X+
X+2 − 1 −
i
2h2
X+2(X+2 + 1)
(X+2 − 1)3 +O
( 1
h3
)
. (34)
We will also need
q = ±iε′(q?) = ± i
2
X+2 + 1
X+2 − 1 ∓
1
h2
X+3
(X+2 − 1)3 +O
( 1
h2
)
ε′(q?) = 2h
X+
X+2 + 1
− i X
+2
(X+2 + 1)2
+O
( 1
h
)
from which we get the kinetic factor to be(
1− E
′
Q(p)
ε′(q?)
)
= − (X
+ −X−)(X+2 − 1)
2X+(X+X− + 1)
− i
4h
X+ +X−
(X+X− + 1)
+O
( 1
h2
)
. (35)
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It is convenient to re-write the residue in terms of y− rather than q. Assuming that we have
only a simple pole, the Jacobian factor which this change inserts is
lim
q→q˜
q − q˜
y−(q)−X+ =
1
∂qy−
= ∓2i X
+
(X+2 − 1)2 ∓
3
h
X+2(X+2 + 1)
(X+2 − 1)4 +O
( 1
h2
)
. (36)
Putting these pieces into (32), and keeping just the leading term, we have:
δEµ = Re
{
e
−L iX+
h(X+2−1)
(X− −X+)
(X+2 − 1)(X+X− + 1) ResY −=X+
∑
b
(−1)FbSb(y±, X±)
}
.
In the case we study here there will also be a pole at y+ = X+. For this pole, y− is given by
y− = X+ − i
h
X+2
X+2 − 1 +
1
h2
X+3
(X+2 − 1)3 +O
( 1
h3
)
and the only change to the formulae above is to change the sign of the last term displayed for
q, q?, the Jacobian and the kinetic factor. But ε
′(q?) is unchanged.
3.2 Leading µ-term for the dyonic magnon
Using these pieces, we now wish to calculate (32) considering the real particle to be a dyonic
giant magnon, and the virtual particle an elementary magnon. As for the corresponding F-term
calculation (16), we are interested in
∑
b
(−1)FbSb(y±, X±) = (SBDS + 1) [s1 + s2 − s3 − s4]
√
X+
X−
(
y−
y+
)Q/2
σ . (37)
This has poles at y± = X+ arising only from SBDS, (59). (Thus the only contribution is from
when the virtual particle is type A.) We consider first the pole at y− = X+.
• The residue of SBDS, at point (33), is:
Res
y−=X+
SBDS =
h(X+2 − 1)
iX+2
(X+ −X−)2(1− 1X+X− )2
(1− 1X+2 )2
+
X+(X+ −X−)(X+X− − 1)
X−(X+2 − 1) +O
( 1
h
)
.
From the rest of Sˆ we need only s1 = 1 at this order.
• The phases η and the factor e−iq?L can be treated together [19]:
e−iq?L
√
X+
X−
(
y−
y+
)Q/2
= e−iq?(L+
Q
2 )
√
X+
X−
(38)
= e
− ih (L+Q2 ) X
+
X+2−1
√
X+
X−
[
1 +
(
L+
Q
2
)
X+2(X+2 + 1)
2h2(X+2 − 1)3 +O
( 1
h2
)]
.
Here we should note that this expansion appears to need to assume L/h2  1. (The same
assumption was used in [19].) Of course for any Lu¨scher terms to be small corrections, we
also need that L/h 1. Note however that the term L from here cancels out of the final
correction δEµ, (44) below.
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• The AFS dressing phase is
σAFS = e
−X+
X+2−1 (
1
X−−
1
X+
)
[
X−(X+2 − 1)
X+(X+X− − 1) − i
(X+ −X−)(X+2 − 2X−X+ + 1)
2h(X+2 − 1)2(X+X− − 1)2 +O
( 1
h2
)]
.
(39)
For the pole at y+ = X+ the residue is exactly minus what we had above, and all other factors
the same (at this order). Following the contour prescription of [31], this contribution enters with
a minus, thus doubling the result. Then using L = J/2 = ∆−E, the final result can be written
δEclass. = 2 δEclass.(y−=X+)
= ∓2ih e− i∆h X
+
X+2−1
√
X−
X+
(X+X− − 1)(X+ −X−)3
X−2(X+X− + 1)(X+2 − 1) . (40)
This exactly matches the algebraic curve result in [2], using h =
√
λ/2 = g/2.
The choice of sign here, which comes from q = ±iε(q?), matches the factor cos(2φ) seen
in [2]. There 2φ was interpreted as the geometric angle between adjacent magnons, incorporating
what [49] called type (i) and type (ii) solutions.
3.3 Subleading µ-term for the dyonic magnon
In order to determine the subleading (in 1/h) contributions to the µ-term, we already gave some
expansions to more orders than required above. But there are extra contributions that only
appear to this order, which are:
• The remainder of Sˆ (i.e. the supertrace of the su(2|2) bound-state S-matrix) evaluated at
(33) gives the following:
[s1 + s2 − s3 − s4] = 1 + i
h
X+
X+ −X−
(
X−
X+X− − 1 −
2X+
X+2 − 1
√
X−
X+
)
+O
( 1
h2
)
. (41)
For the pole at y+ = X+, this is instead exactly 1.
• The Hernandez–Lopez dressing phase [50] also contributes to the subleading term:
σHL = 1+
X+2
2hpi(X+2 − 1)
[ −2
X+2 − 1 +
(X−2 − 1)
(X+ −X−)(X+X− − 1) log
(X+ + 1)(X− − 1)
(X+ − 1)(X− + 1)
]
+O
( 1
h2
)
.
(42)
• The remainder of the dressing phase, σn≥2, does not contribute at this order; see below
for comments.
The final result from the pole at y− = X+ is:
δE(y−=X+) = δEclass.(y−=X+) +
i e
i p
2 e
− i∆h X
+
X+2−1 (X+ −X−)2
2(1 +X−X+)(X+2 − 1)3X−
{
4i e−
i p
2 X+(X+X− − 1)(X+2 − 1)
− i (4X+ +X+3 +X−2X+(1 + 4X+2) + 2X−(1− 7X+2 +X+4))
+
X+
pi
(
2(X+ −X−)(X−X+ − 1) + (X−2 − 1)(X+2 − 1) log
[
(X− − 1)(1 +X+)
(1 +X−)(X+ − 1)
])
+
∆
h
X+(X+ −X−)(X+X− − 1)(1 +X+2)
(X+2 − 1)
}
(43)
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The pole at y+ = X+ gives a similar contribution. Adding the two, and taking into account
the sign as before,
δE(y−=X+) − δE(y+=X+) = δEclass.+
+
e
− i∆h X
+
X+2−1 (X+ −X−)2
X−(X+2 − 1)2X+(X+X− + 1)
{
− 2X+(X−X+ − 1) + e i p2 X−(X+2 − 1)
+
i e
i p
2
pi
X+
X−(X+2 − 1)
(
2(X+ −X−)(X−X+ − 1) + (X−2 − 1) (X+2 − 1) log (X− − 1)(1 +X+)
(1 +X−)(X+ − 1)
)}
(44)
which is the leading and subleading µ-term corrections to the energy of the dyonic elementary
magnon.
Let us make a two comments about the contribution of the dressing phase:
• Our calculation follows that of [31] in keeping only the AFS and HL phases, i.e. the terms
χ(n)(x, y)/hn−1 for n = 0, 1 in (57). But if one considers the full sum infinite sum, the terms
apparently subleading in 1/h can have non-trivial pole contributions, and thus contribute
along with the earlier terms. Nevertheless, in the present dyonic case, if we perform a
careful calculation of all the terms (following [12]), we find that the contribution from all
higher terms does indeed vanish.
• However if we were to consider a non-dyonic magnon, i.e. to take Q = 1 for the physical
particle, then there would be contributions from σn≥2 both at leading and subleading
orders. (This is also what happens in the calculation of [12].) Looking at σAFS (39), and
likewise (41), (42), it seems that the non-dyonic limit of these expressions is ill defined,
but in fact the divergences should cancel with extra terms that come from the taking
the principal value in the F -term. See appendix A for a discussion of this subject in the
AdS5 × S5 case.7
4 F-terms for Composite Magnons
So far we have studied only the elementary giant magnon, and its dyonic generalisation. There
are various other giant magnon solutions possible in CP 3, all of which are superpositions of
two elementary magnons. From the sigma-model point of view this was shown by the dressing
construction of [36]. They are of two kinds:
• The magnons in RP 2 and RP 3 are the same solutions as exist in S2 [14] and S3 [51], and
the same is true of the corresponding finite-J solutions [48]. This equivalence also holds
to some degree in both algebraic curve and Lu¨scher calculations, where many formulae
reduce to exactly what was used in AdS5 × S5.
From the S-matrix point of view, the RP 2 magnon is a superposition of one A-particle
and one B-particle, both with the same su(2|2) label which we take to be a = 1. In the
dyonic case, these are each replaced by bound states of Q particles.
• The so-called ‘big giant magnon’ is another superposition of two dyonic magnons, oriented
such that their charges Q cancel out. This was first known in the algebraic curve [52] and
later constructed using dressing by [53–55]. The most explicit construction of it from two
7As noted on page 13 above, we leave the calculation of the µ-term for a non-dyonic magnon in AdS4×CP 3
for future work.
16
Physical Mirror
Elementary Dyonic Composite RP 3 Composite ‘big’ Light Heavy
Aa=1 (Aa=1)
Q (Aa=1Ba=1)
Q (Aa=1Ba=2)
Q Aa and Ba (AaBb)
a = 1, 2, 3, 4. a, b as shown in (24).
Table 1: Summary of the various states considered, in spin-chain language. It would clearly be equiva-
lent to consider corrections to, for instance, the Aa=2 physical particle or the (Ba=2)
Q dyonic
magnon.
elementary magnons was given by [32], from which it is clear that the two particles carry
different labels: say A with a = 1, plus B with a = 2.
Classically, when Q → 1 this becomes indistinguishable from the RP 2 solution (in both
sigma-model and algebraic curve). We see this behaviour also for F-terms we calculate
here. Even though they are corrections at order h0 (while the classical energy is order h),
they are the leading terms in 1/h in the coefficient am,0 of the exponential, (1) or (47).
We summarise all of the bound-state and composite magnons in table 1.
In [1] we did not write all of the the F-terms which we calculate here in full. But we give in
appendix C enough formulae to check them.
4.1 TheRP 3 magnon
Note that both constituent particles will always be described by the same X±. We will use p,
E, Q and J to be the quantities defined in terms of this in appendix B.1, even though the
total momentum is then ptot = 2p, total energy 2E, and the total charge 2Q (or, for the big
magnon, zero). This implies in particular that the kinetic factor will be unchanged: we have
E′tot(ptot) = E ′Q(p).
Allowing that the virtual particle may be A or B, the remaining factor of the integrand in
(3) is the following:
e−iq?L
4∑
b=1
(−1)Fb
[
SbS˜b + S˜bSb
]
(y±, x±) = 2
[
(a1)
2 + (a1 + a2)
2 − 2(a6)2
]
nn˜σ2(y±, x±)
= 4 e
− ih xx2−1 (2E−1−L)
[
a1(x, x
±)2 − 1]+O( 1
h
)
= F
(`=1)
light[RP ]
∣∣∣
Q=1
+ . . . .
For σ we use (11) above, and for all the other factors we are simply evaluating at y± = x. For
the exponents to match, we must remember that α = ∆tot/h in the algebraic curve contains
the total energy, ∆tot = 2E − J . And, following (15), we set L to be half the total angular
momentum:
L = J .
For the dyonic case (i.e. a superposition of two physical bound states, each with Q particles)
clearly we want instead:
e−iq?L
4∑
b=1
(−1)Fb
[
SbS˜b + S˜bSb
]
(y±, X±) = 2SBDS
[
(s1)
2 + (s2)
2 − (s3)2 − (s4)2
]
H2σ2(y±, X±)
= F
(`=1)
light[RP ] +O
( 1
h
)
.
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Here we write H(y±, X±) =
√
X+/X−(y−/y+)Q/2 for compactness, (60).
Second F-term
As for the elementary magnon, there are two terms which contribute to δEF,2. One comes from
a light mode (of type A or B) circling the space twice, what we called the HJL term (18). For
this, (19) is replaced by
e−2iq?L
4∑
b=1
(−1)Fb
[
(SbS˜b)
2 + (S˜bSb)
2
]
(y±, x±) = 2
[
(a1)
4 + (a1 + a2)
4 − 2(a6)4
]
(nn˜)2σ4(y±, x±)
= 4 e
−2 ih xx2−1 (2E−1−L)
[
a1(x, x
±)4 − 1]+O( 1
h
)
= F
(`=2)
light[RP ]
∣∣∣
Q=1
+ . . .
or, in the dyonic case,
e−2iq?L
4∑
b=1
(−1)Fb
[
(SbS˜b)
2 + (S˜bSb)
2
]
(y±, X±) = 2 (SBDS)2
[
(s1)
4 + (s2)
4 − (s3)4 − (s4)4
]
H4σ4(y±, X±)
= F
(`=2)
light[RP ] +O
( 1
h
)
.
The other term comes from a heavy mode (or M = 2 mirror bound state) running in the
loop. Using the bound-state S-matrix S2−1 we write
e−2iq?L
8∑
b=1
(−1)FbSb(Y ±, x±)Sb(Y ±, x±) =
[
3(a55)
2 + (2a88)
2 − 2(a99)2 − 2
(a99 + a33
2
)2]
nn˜ σ2(Y ±, x±)
= F
(`=1)
heavy[RP ]
∣∣∣
Q=1
+O
( 1
h
)
.
The dyonic version of this needs S2−Q as constructed in appendix B.5,
e−2iq?L
8∑
b=1
(−1)FbSb(Y ±, X±)Sb(Y ±, X±)
= e−2iq?L(T0)2
[
3(t1)
2 + (t4)
2 − 2(t5)2 − 2(t7)2
]
σ2(Y ±, X±)
= e
− ih xx2−1 (2E−Q−L)
[
3− 2
(
x−X−
x−X+
√
X+
X−
)2
+
(
(x−X−)(1− xX+)
(x−X+)(1− xX−)
)2
−
(
1− xX+
1− xX−
√
X−
X+
)2 ]
+ . . .
= F
(`=1)
heavy[RP] +O
( 1
h
)
.
4.2 The big giant magnon
The only difference from the RP 3 case above is that one of the external particles is now a = 2.
Thus we will need for the first time matrix elements Sb2b2 . For the non-dyonic case these can be
read off from (55) as follows:
Sˆb2b2 = Sˆ
b′1
b′1 , (b, b
′) = (1, 2), (2, 1), (3, 3), (4, 4) .
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Then we have
e−iq?L
4∑
b=1
(−1)Fb
(
Sb1b1 S˜
b2
b2 + S˜
b1
b1S
b2
b2
)
(y±, x±) = e−iq?L2 [a1(a1 + a2) + (a1 + a2)a1 − 2a6a6]nn˜ σ2
= F
(`=1)
light[Big]
∣∣∣
Q=1
+O
( 1
h
)
.
This agrees with the RP 2 expression above.
For the dyonic case, we need the corresponding elements of SQ−1. The above permutation
clearly commutes with the fusion procedure used to construct this, and thus we have
e−iq?L
4∑
b=1
(−1)Fb
(
Sb1b1 S˜
b2
b2 + S˜
b1
b1S
b2
b2
)
(y±, X±) = 2SBDS [s1s2 + s2s1 − s3s3 − s4s4]H2σ2(y±, X±)
= F
(`=1)
light[Big] +O
( 1
h
)
.
Second F-term
The term from a light mode wrapping twice is clearly given by
e−2iq?L
4∑
b=1
(−1)Fb
[(
Sb1b1 S˜
b2
b2
)2
+
(
S˜b1b1S
b2
b2
)2]
(y±, x±)
= e−2iq?L2
[
2(a1)
2(a1 + a2)
2 − 2(a6)4
]
(nn˜)2σ4(y±, x±)
= F
(`=2)
light[Big]
∣∣∣
Q=1
+O
( 1
h
)
and for the dyonic case,
e−2iq?L
4∑
b=1
(−1)Fb
[(
Sb1b1 S˜
b2
b2
)2
+
(
S˜b1b1S
b2
b2
)2]
(y±, X±)
= e−2iq?L2(SBDS)2
[
(s1s2)
2 + (s2s1)
2 − (s3s3)2 − (s4s4)2
]
H4σ4(y±, X±)
= F
(`=2)
light[Big] +O
( 1
h
)
.
For the heavy mode, we need S2−1(Y ±, x±)b2b2. Here we make the following conjecture, based
on the list of virtual bound states (24), and the S-matrix (62): under a = 1↔ a = 2, the heavy
boson b = 4 is not mixed with the other three b = 1, 2, 3. (These three all have the same Sb1b1 .)
Meanwhile, the heavy fermions b = 5, 6 and b = 7, 8 are swopped. We can write this as the
following permutation:
Sˆb2b2 = Sˆ
b′1
b′1 , b
′ = ρ(b) where ρ = (5, 7)(6, 8) . (45)
Then using this, we are led to
e−2iq?L
8∑
b=1
(−1)FbSb(Y ±, x±) =
[
3(a55)
2 + (2a88)
2 − 4a99
a99 + a
3
3
2
]
nn˜ σ2
= F
(`=1)
heavy[Big]
∣∣∣
Q=1
+O
( 1
h
)
.
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This conjecture follows through to the dyonic case, where in terms of S2−Q we have:
e−2iq?L
8∑
b=1
(−1)Fb
(
Sb1b1 S˜
b2
b2 + S˜
b1
b1S
b2
b2
)
(Y ±, X±)
= e−2iq?L(T0)2
[
3(t1)
2 + (t4)
2 − 4(t5t7)
]
σ2(Y ±, X±)
= e
− ih xx2−1 (2E−Q−L) (x
2 − 1)(X− −X+) [x2(3X− −X+) + 3X+ −X− − 2x(X−X+ + 1)]
(xX− − 1)2(x−X+)2 + . . .
= F
(`=1)
heavy[Big] +O
( 1
h
)
. (46)
The interpretation of the big giant magnon used here differs from that in [22]. There, it was
treated as a superposition of a magnon and an ‘anti-magnon’, both of type A, with the latter
defined by sending X± → 1/X∓ (so as to send Q → −Q). This appears to give to the correct
first and second F-terms: writing a prime for the ‘anti-magnon’, in the non-dyonic case these
read:
F
(`=1)
light[Big]
∣∣∣
Q=1
= [a1a
′
1 + (a1 + a2)(a1 + a
′
2)− 2a6a′6] (nn′ + n˜n˜′)σσ′ +O
( 1
h
)
F
(`=2)
light[Big]
∣∣∣
Q=1
=
[
(a1a
′
1)
2 + (a1 + a2)
2(a1 + a
′
2)
2 − 2(a6a′6)2
] [
(nn′)2 + (n˜n˜′)2
]
(σσ′)2 + . . .
F
(`=1)
heavy[Big]
∣∣∣
Q=1
=
[
3a55a
5′
5 + 4a
8
8a
8′
8 − 2a99a9′9 − (a99 + a33)(a9′9 + a3′3 )
]
nn˜ n′n˜′ σσ′ + . . . .
All of these match the RP 2 magnon. In the dyonic case, we can recover the algebraic curve
results if we use in the S-matrix for the ‘anti-magnon’ the following prefactor:8
S′BDS(y
±, X±) = SBDS(y±, 1/X∓)
Note however that this is not equal to
∏Q
k=1 sBDS(y
±, 1/x∓k ). In this calculation we evaluate the
S-matrix at y± = y; a more strict test of this interpretation could be obtained by performing a
calculation in a regime where y+ 6= y−, i.e. at the next order in 1/h.
4.3 Agreement to all orders
As we noted for the elementary giant magnons in section 2.6, these results can be extended
to recover all higher F-terms. The total contribution from elementary virtual particles matches
that from the light modes in the algebraic curve, thanks to the following relations:
∏
b
[
1− SbS˜be−iq∗L
](−2)Fb
=
∏
ij
light[RP]
[
1− e−i(qi−qj)
](−1)Fij
+O
( 1
h
)
∏
b
[
(1− Sb1S˜b2e−iq∗L)(1− S˜b1Sb2e−iq∗L)
](−1)Fb
=
∏
ij
light[Big]
[
1− e−i(qi−qj)
](−1)Fij
+O
( 1
h
)
.
8We thank Minkyoo Kim for discussions of this point.
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The contribution from the virtual bound states (of only M = 2 particles) similarly matches that
from the heavy modes:
∏
b
[
1− Sb(Y ±, X±)e−2iq∗L
](−2)Fb
=
∏
ij
heavy[RP]
[
1− e−i(qi−qj)
](−1)Fij
+O
( 1
h
)
∏
b
[
(1− Sb1S˜b2)(Y ±, X±)e−2iq∗L)(1− S˜b1Sb2(Y ±, X±)e−2iq∗L)
](−1)Fb
=
∏
ij
heavy[Big]
[
1− e−i(qi−qj)
](−1)Fij
+O
( 1
h
)
.
We have thus recovered the exact F-term (i.e. to all orders m) at one loop for all types of CP 3
giant magnon.
5 Conclusions
The complete energy of the giant magnon, including all exponential corrections, is given by [13]
E =
∑
m,n=0,1,2...
am,n
(
e−∆/2h
)m (
e−∆/E
)n
. (47)
Here each coefficient am,n is a function of the coupling. Our previous paper [1] calculated the
infinite-volume term a0,0 = EQ(p), as well as F-terms a1,0 and a2,0, at one loop in the string
theory. We used the algebraic curve formulation, which exploits the integrability of the classical
string theory, but is otherwise just a re-formulation of the sigma-model.
In this paper we have shown that, for Lu¨scher corrections, the heavy modes appearing in the
string theory can be identified as bound states in the mirror theory. This allowed us to correctly
recover the second F-term correction a2,0 first computed in [1]. (The first F-term a1,0 was also
calculated by [52, 19] and for the dyonic case [22].) When treating dyonic giant magnons, we
needed to scatter a physical bound state (of Q particles) with a virtual bound state (of two),
for which we were able to derive the appropriate S-matrix.
We have also computed µ-term corrections for the elementary dyonic giant magnon. The
leading term matches the classical finite-J correction for this magnon, first given by [2]. We
went on to compute the subleading term, giving a one-loop prediction. Since it comes from the
all-loop S-matrix, this prediction is the second term in an expansion in 1/h(λ). This is related
to the string theory’s coupling constant λ ∝ R2/α′ (at strong coupling) by
h(λ) =
√
λ
2
+ c+O
( 1√
λ
)
. (48)
Because the F-term corrections vanish classically (order h ∼ √λ), their order 1 terms are
sensitive only to the leading term in the expansion (48). But, like the infinite-volume energy
a0,0, the one-loop part of the µ-term is subleading in 1/h. One extension which we hope to
address in a forthcoming paper is the corresponding string theory calculation of a0,1 at one
loop, along the lines of [35].
Finally, we were also able to extenbd our calculation to obtain all higher F-terms am,0. In
this calculation the elementary virtual particles contribute to every term via [29]’s generalised
Lu¨scher formula (18), by circling the space m times. The two-particle virtual bound states
(M = 2) contribute to even-numbered terms m = 2` in the same way. We did not include any
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bound states of M ≥ 3 particles; this is natural from the algebraic curve perspective where one
has modes of mass 1 and 2 only, but does not seem obvious from the S-matrix (see section 2.6).
In order to understand this better, a possible connection of these Lu¨scher corrections with the
asymptotic solution of the AdS4/CFT3 TBA/Y-system proposed in [56, 57] is currently under
investigation. It would be very interesting to understand from this how the F-terms involving
all bound states at weak coupling re-sum to involve only M = 1, 2 at strong coupling.
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A µ-terms for theAdS5 × S5 Giant Magnon
We show here the analogue in AdS5 × S5 of our calculation of the µ-terms for a dyonic giant
magnon in AdS4 × CP 3 in section 3.3.
The dispersion relation for this theory is as follows:
∆− J = EAdS5(p) =
√
Q2 +
λ
pi2
sin2
p
2
= 2EQ(p) with h =
√
λ
4pi
= −ih
(
X+ − 1
X+
−X− + 1
X−
)
.
With this identification of h and of EAdS5 we can now re-use all of our expressions from section
3.1, multiplying q and thus the Jacobian factor (36) by 2. (But leaving the kinetic term (35)
unchanged.)
The important difference is the S-matrix involved, from which instead of (37) we should use:
∑
b
Sb(y
±, X±) = SBDS [s1 + s2 − s3 − s4]2 X
+
X−
(
y−
y+
)Q
σ2 . (49)
All the pieces of this are the same as we used above. Adding the contributions at both poles
y± = X+, we get the following leading correction:
δEclass. =
2ih
X+X−
(X+ −X−)3
(X+X− + 1)
e
X+
X+2−1 (
i
hL+
i
hQ+
2
X+
− 2
X− ).
This is exactly the term given by [31].
22
Going to the next order, the contribution from the pole y− = X+ is this:
δE(y−=X+) = δEclass.(y−=X+) +
4(X+ −X−)2eip−i ∆X
+
h(X+2−1)
(X+X− + 1)((X+)2 − 1)2
[
−2e−i p2 (X+2 − 1) + iX
+ −X−
pi
X+ +X−(1 +X+2(−4 +X+(X− +X+)))
X+(X+X− − 1) + i
∆
4h
(X+2 + 1)(X+ −X−)
X+ − 1
+
i((X−)2−1)(X+2 − 1)
2pi(X+X− − 1) log
(X− − 1)(X+ + 1)
(X− + 1)(X+ − 1)
]
.
The contribution from the pole at y+ = X+ is similar, and adding them (with the same minus
as before)
δE(y−=X+) − δE(y+=X+) = δEclass. + Re
{
4(X+ −X−)2eip−i ∆X
+
h((X+)2−1)
(X+X− + 1)(X+2 − 1)2
[
X−(X+2 − 1)2
X+(X+X− − 1)
−2e−i p2 ((X+)2 − 1) + 2iX
+ −X−
pi
+
i((X−)2−1)((X+)2 − 1)
pi(X+X− − 1) log
(X− − 1)(X+ + 1)
(X− + 1)(X+ − 1)
]}
.
(50)
Naively the non-dyonic limit of this diverges, giving:
δEµ = −16e−
J
2h sin
p
2
−2
[
h sin3
p
2
+
h sin p2
Q
+
sin p2
pi
]
.
However there is another contribution from the fact that a pole in the F-term integral at x = X+
approaches the integration contour:
δEF =
 
U+
dx
2i x
pi(x2 − 1)2
(
1− E
′(p)
ε′(q∗)
)
e
− i∆x
h(x2−1)
(
ei
p
2
x−X−
x−X+ + e
i p2
x− 1/X+
x− 1/X− − 2
)2
→
 
U+
dx
2i x
pi(x2 − 1)2
(
1− E
′(p)
ε′(q∗)
)
e
− i∆x
h(x2−1)
(
2ei
p
2
x− 1/x+
x− x+ − 2
)2
+ e
− J
2h sin
p
2
−2
(
−16h sin
3 p
2
Q
+
4iJ cos p2
h
− 8i sin p
2
+ 8i sin p
)
+O
( 1
h
)
.
This clearly cancels the 1/Q term, and taking the real part we get the following total non-dyonic
correction:
δE = −16 e−
J
2h sin
p
2
−2
[
h sin3
p
2
+
sin p2
pi
+O
( 1
h
)]
. (51)
This agrees with the Lu¨scher correction calculated by [35] by considering the non-dyonic case
from the beginning. This is a nontrivial agreement as in that case there are contributions from
higher terms in the dressing phase σn≥2, which did not enter into our derivation of the the
dyonic case above.
This non-dyonic subleading term (51) also matches the real part of the algebraic curve result
in [35]. (The real part would be obtained there if one included also the contributions in the
lower half-plane.) However the dyonic subleading term (50) differs from the algebraic curve
result of [35].
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B Two-particle and bound-state S-matrices
In this appendix we collect familiar formulae for magnons and their S-matrix. We discuss a
number of kinds of bound-state S-matrices: S1−Q (Q ∼ h physical), SM−1 (M ∼ 1 virtual), and
SM−Q (mixed).
B.1 Parameters
We describe magnons using Zhukovsky variables (in the complex spectral plane) which are
defined in terms of the charge Q and momentum p by
Q(X±) = −ih
(
X+ +
1
X+
−X− − 1
X−
)
(52)
p = −i log X
+
X−
or, solving for X±,
X± = e±ip/2
Q
2 +
√
Q2
4 + 4h
2 sin2 p2
2h sin p2
.
The dispersion relation can be written in terms of these:
E = EQ(p) =
√
Q2
4
+ 4h2 sin2
p
2
(53)
= −ih
2
(
X+ − 1
X+
−X− + 1
X−
)
.
We will need the derivative of this with respect to p, holding Q fixed, which can be written as
E ′Q(p) = h
X+ +X−
X+X− + 1
. (54)
While we have given these initial formulae for the general dyonic case, we will discuss first
the case of just one magnon, Q = 1, for which we use lower-case x± and ε(p). Then we can
expand in 1/h to write:
ε(p) = 2h sin
p
2
+O
( 1
h
)
ε′(p) = h cos
p
2
+O
( 1
h
)
x± = e±ip/2
[
1 +
1
4h sin p2
+O
( 1
h2
)]
.
B.2 Two-particle S-matrix
Now consider two particles x± and y±. The ABJM S-matrix is [17]
S(y±, x±) = SAA = SBB = Sˆ n σ
S˜(y±, x±) = SAB = SBA = Sˆ n˜ σ .
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with the same su(2|2) invariant matrix part Sˆ [7,9] as the SYM case, but one less power of the
BES dressing phase σ [37]. Explicitly, in our notation the SYM case has:
S = Sˆ ⊗ Sˆ nn˜ σ2 .
The factors which distinguish particles of type A and B [17] we have named n and n˜:
n(y±, x±) =
1− 1y+x−
1− 1y−x+
, n˜(y±, x±) =
y− − x+
y+ − x− .
Note of course that n˜(y±, x±) = 1/n˜(x±, y±) = 1/n˜(y∓, x∓) and similarly for n(y±, x±).
The relevant terms of the matrix part are given by [9]
Sˆ = a1
(
E1111 + E
22
22 + E
12
12 + E
21
21
)
+ a2
(
E1212 + E
21
21
)
+ a3
(
E3333 + E
44
44 + E
34
34 + E
43
43
)
+ a4
(
E3434 + E
43
43
)
+ a5
(
E1313 + E
14
14 + E
23
23 + E
24
24
)
+ a6
(
E3131 + E
41
41 + E
32
32 + E
42
42
)
+ terms Ebaab . (55)
Particles b = 1, 2 are bosons, and b = 3, 4 here are fermions.9 The coefficients are:10
a1(y
±, x±) =
y+ − x−
y− − x+
√
x+
x−
√
y−
y+
a3(y
±, x±) = −1
a2(y
±, x±) =
(y− − y+)(x− − x+)(x− + y+)
(y− − x+)(x−y− − x+y+)
√
x+
x−
√
y−
y+
a4(y
±, x±) = a2(x∓, y∓) (56)
a6(y
±, x±) =
y+ − x+
y− − x+
√
y−
y+
a5(y
±, x±) = a6(x∓, y∓) .
We have assumed (as we will always do) that we are in the string frame. This has produced the
square-root factors, which are the phases η, often written
η1
η˜1
=
√
x+
x−
= eip/2,
η2
η˜2
=
√
y−
y+
= e−i q?/2.
The alternative is the spin chain frame, which sets both of these to 1. We observe that in this
case, we have exactly a1 = 1/n˜.
The BES dressing phase is
σ(y±, x±) = exp
[
iχ(y−, x−)− iχ(y−, x+)− iχ(y+, x−) + iχ(y+, x+)
]
. (57)
Expanding χ =
∑∞
n=0 χ
(n)/hn−1, the leading term gives the AFS phase, and takes the simple
form
χ(0)(y, x) = h
(
1
y
− 1
x
)[
1− (1− xy) log
(
1− 1
xy
)]
.
9Remembering that each can be type A or B, we have 4+4 particles in all — exactly the number of light
modes. In the SYM case instead we have 42 = 16 = 8 + 8 particles, i.e. all the transverse modes of the string.
10These are taken from [9]. In [12] and some other papers, a2 was given with a factor (x− − y+), rather than
+, which is an important distinction when it comes to AB bound states. This was the error corrected in v5
of [31], their equation (3.6).
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The next term χ(1) gives the HL phase. Writing χ(x, y) = χ˜(x, y)− χ˜(y, x), this is given by
χ˜(1)(x, y) =
1
2pi
Li2
(
1− x+ 1
x− 1
y − 1
y + 1
)
− 1
2pi
Li2
(
1− x+ 1
x− 1
y − 1
y + 1
eipi
)
− i
2
Log
(
1− x+ 1
x− 1
y − 1
y + 1
eipi
)
+
pi
8
+
1
2pi
[Li2(y)− Li2(−y)− Li2(x) + Li2(−x)] .
The expressions for subsequent terms χ(n) n ≥ 2 can be found in [12].
B.3 Physical bound states: S1−Q
If two bosonic particles are of the same type, then in SAA we have a factor a1, which has a pole
at y− = x+. This pole is what is used to build the bound states corresponding to dyonic giant
magnons. The spectral parameters of the constituent particles are then connected up like this:
x±k , k = 1, 2 . . . Q with x
−
k = x
+
k−1 . (58)
From (53) it is easy to see that in the total energy, all intermediate x±k cancel out, leaving only
X+ = x+Q, X
− = x−1 .
The total charge Q and momentum p are likewise given in terms of these capital spectral pa-
rameters by (52).
The S-matrix for scattering of one particle ‘b’ off of this bound state is simply the product
of the S-matrices with each constituent particle:
S1−Q(y,X)b1b1 =
Q∏
k=1
S(y, xk)
b1
b1 .
Fortunately some similar cancellations happen here, again removing dependence on the individ-
ual xk. Consider first the case of AA scattering, for which
SAA(y±, x±)1111 =
n
n˜
√
x+
x−
√
y−
y+
σ = s0 σ .
The factor sBDS = n/n˜ also appears in the SYM case in S
(11)(11)
(11)(11) = (a1)
2nn˜ σ2. It has the
following cancellation property:
Q∏
k=1
sBDS(y
±, x±k ) =
Q∏
k=1
n(y±, x±k )
n˜(y±, x±k )
=
(y+ −X−)(1− 1y+X− )
(y− −X+)(1− 1y−X+ )
(y− −X−)(1− 1y−X− )
(y+ −X+)(1− 1y+X+ )
≡ SBDS(y±, X±) . (59)
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Here we must use Q = 1 for x±k and y
±.11 More obviously, we have
Q∏
k=1
√
x+k
x−k
√
y−
y+
=
√
X+
X−
(
y−
y+
)Q/2
≡ H(y±, X±) . (60)
and for the dressing factor, the antisymmetry χ(y, x) = −χ(x, y) leads to another cancellation:
Q∏
k=1
σ(y±, x±k ) = σ(y
±, X±) .
We must still consider matrix elements other than SAA(y±, x±)1111. If we define
sb ≡
Q∏
k=1
Sˆb1b1
Sˆ1111
.
then obviously s1 = 1, and some similar cancellations lead to [31]
s2 =
(y+ −X+)(1− 1y−X+ )
(y+ −X−)(1− 1y−X− )
s3 = s4 =
y+ −X+
y+ −X−
√
X−
X+
.
Finally, considering also AB scattering, it is clear that to change the prefactor from n to n˜ you
divide by sBDS, removing that factor. All together, the final S-matrix is given by
SAA1−Q(y
±, X±)b1b1 = S
BB
1−Q(y
±, X±)b1b1 = sb SBDS H σ
SAB1−Q(y
±, X±)b1b1 = S
BA
1−Q(y
±, X±)b1b1 = sb H σ .
with b = 1, 2, 3, 4.
From this S-matrix, we can get some elements of SQ−1 by the following symmetry:
SQ−1(Y ±, x±)baba = S1−Q(x
∓, Y ∓)abab . (61)
Note however that we will only have SQ−1(Y ±, x±)1a1a, since we started with one particular bound
state of Q particles. And further that this is a physical bound state. Some SQ−Q′(Y ±, X±)
bound-state S-matrices were constructed by [32], for the scattering of two physical dyonic giant
magnons. However for scattering involving bound states of virtual particles, we need something
different.
11The useful formula is
(y+ − x+)
(
1− 1
y+x+
)
= (y− − x−)
(
1− 1
y−x−
)
.
Also using Q = 1, we have SBDS(y
±, x±) = sBDS(y±, x±).
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B.4 Mirror bound states: SM−1
For a bound state of M particles, [41] give (twisted generalisations of) these S-matrix elements:
(−1)Fb SˆM−1(Y ±, x±)b1b1 =

a55(x
±, Y ±), b = 1, . . . ,M + 1
2a88 b = M + 2, . . . , 2M
(−1) a99 b = 2M + 1, . . . , 3M
(−1) a
9
9 + a
3
3
2
b = 3M + 1, . . . , 4M .
(62)
The coefficients are from [58],12 which we write at once in the string frame:
a55(x
±, Y ±) =
x+ − Y +
x+ − Y −
√
Y −
Y +
a88(x
±, Y ±) =
x−(x− − Y +)(1− x+Y −)
2x+(x+ − Y −)(1− x−Y −)
√
Y −
Y +
x+
x−
a99(x
±, Y ±) =
x− − Y +
x+ − Y −
√
Y −
Y +
√
x+
x−
a33(x
±, Y ±) =
x−x+(1 + x−Y − − 2x+Y −) + (x+ + x−(−2 + x+Y −))
x+(x+ − Y −)(1− x−Y −) Y
+
√
Y −
Y +
√
x+
x−
⇒ a
3
3 + a
9
9
2
=
(x+ − Y +)(x+Y − − 1)
(x+ − Y −)(x−Y − − 1)
√
Y −
Y +
√
x+
x−
.
At M = 1 this reduces to the original S1−1 (in our conventions) apart from swopping bosons
and fermions:
SˆM−1(y±, x±)b1b1 = Sˆ(y
±, x±)b
′1
b′1, b
′ = b+ 2 mod 4, M = 1
since clearly a55 = a6, a
9
9 = a1 and we can show, using M = 1, that
a99(x
±, y±) + a33(x
±, y±)
2
= a1(y
±, x±) + a2(y±, x±) .
Then at M = 2, given that the bound state is an A-particle plus a B-particle, the full
S-matrix will have prefactor nn˜, giving this:
Sb(Y
±, x±) = Sˆ2−1(Y ±, x±)b1b1 n(y
±
1 , x
±)n˜(y±2 , x
±) σ(Y ±, x±) . (63)
B.5 Constructing S2−Q by fusion
For the dyonic second F-term we need to scatter a particular physical Q bound state (the dyonic
magnon) with a virtual, mirror, M = 2 bound state. We should be able to construct the required
S2−Q using S2−1 from above. Let us write:
S2−Q(Y ±, X±)b1b1 =
Q∏
k=1
S2−1(Y ±, x±k )
b1
b1
= T0 tb .
All the matrix elements are easy if we pull out a factor of a99. Here is the full list for M = 2
12We have corrected the overall sign of a33. The reason these are defined with arguments (x
±, Y ±) is that
appendix B of [58] is for S1−Q.
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(although clearly general M would be no harder):
t1 = t2 = t3 =
Q∏
k=1
a55(x
±
k , Y
±)
a99(x
±
k , Y
±)
=
Q∏
k=1
Y + − x+k
Y + − x−k
√
x−k
x+k
=
Y + −X+
Y + −X−
√
X−
X+
t4 =
Q∏
k=1
2a88
a99
=
1
Y − −X+
1
Y − −X−
√
X−
X+
t7 = t8 =
Q∏
k=1
1
2
(
1 +
a33
a99
)
=
X−
X+
1
Y − −X+
1
Y − −X−
Y + −X+
Y + −X− .
and t5 = t6 = 1. (Note that for the cancellations obtained here, we do not need to assume that
the constituent particles have Q = 1.)
For the scalar factor, insert 1 = (y+1 −x−k )/(y−2 −x−k ) so as to create sBDS = n/n˜, giving the
following cancellation:
t0,k = n(y
±
1 , x
±
k ) n˜(y
±
2 , x
±
k ) a1(Y
±, x±k ) σ(Y
±, x±k )
= sBDS(y
±
1 , x
±
k )
y−2 − x+k
y−2 − x−k
√
x+k
x−k
√
Y −
Y +
σ(Y ±, x±k )
⇒ T0 =
Q∏
k=1
t0,k = SBDS(y
±
1 , X
±)
y−2 −X+
y−2 −X−
√
X+
X−
√
Y −
Y +
Q
σ(Y ±, X+) .
This we can interpret as saying that, if x± is an A particle, then y±1 is A and y
±
2 is B. If instead
it’s the other way around, then we would have written
t˜0,k = n˜(y
±
1 , x
±
k ) n(y
±
2 , x
±
k ) a1(Y
±, x±k ) σ(Y
±, x±k )
⇒ T˜0 =
Q∏
k=1
t˜0,k = SBDS(y
±
2 , X
±)
y+1 −X+
y+1 −X−
√
X+
X−
√
Y −
Y +
Q
σ(Y ±, X+) .
However it seems that one should not include both of these, as surely an A+B bound state is
the same as a B+A one. This gives the correct factors of 2 in the F-term calculations (where we
evaluate at y±k = x+O(1/h), and thus have T0 = T˜0). For µ-terms, however, note that both T0
and the t5 have poles at Y
− = X+, while T˜0 has instead a pole at Y + = X+.
Finally, we have also written down the elements S2−Q(Y ±, X±)b2b2 needed to treat the big
giant magnon, in (45) above.
C Formulae for Magnons in the Algebraic Curve
Since not all of the F-terms we calculated in sections 2.5 and 4 were done explicitly in [1], we
give here the formulae necessary to calculate these.
The algebraic curve for AdS4 × CP 3 was introduced by [39]. The ansatz for magnons used
by [20,2], but now including twists needed to make a closed string as in [35], is as follows:
q3(x) =
αx
x2 − 1 +Gu(0)−Gu(
1
x ) +Gv(0)−Gv( 1x ) +Gr(x)−Gr(0) +Gr( 1x ) − τ
q4(x) =
αx
x2 − 1 +Gu(x) +Gv(x) −Gr(x) +Gr(0)−Gr(
1
x ) − τ
q5(x) = Gu(x)−Gu(0) +Gu( 1x ) −Gv(x) +Gv(0)−Gv( 1x )
(64)
29
and
q1(x) = q2(x) =
αx
x2 − 1
qn(x) = −q11−n(x), n = 6, 7, . . . 10 .
The residue at x = ±1 is α = ∆/h. Giant magnons are made by turning on
Gmag(x) = −i log
(
x−X+
x−X−
)
. (65)
in one or more slots:
• The elementary (or ‘small’) giant magnon has
Gv(x) = Gmag(x), Gu = Gr = 0
and τ = p/2.
• There is another kind of elementary magnon with Gu instead of Gv. The two correspond
to A- and B-particles in the S-matrix language.
• The RP 3 giant magnon is constructed by turning on both of these:
Gu(x) = Gv(x) = Gmag(x), Gr(x) = 0.
Here we should use τ = p since the total momentum is 2p.
• The ‘big giant magnon’ has
Gu(x) = Gv(x) = Gr(x) = Gmag(x)
and again τ = p.
The factor in the energy correction which should match the supertrace of the S-matrix we called
F in [1]:
F
(`)
light =
∑
ij
light
(−1)Fije−i`(qi−qj), F (`)heavy =
∑
ij
heavy
(−1)Fije−i`(qi−qj).
The list of heavy and light polarisations (i, j) is as follows:
AdS Fermions CP
Heavy (1,10) (2,9) (1,9) (1,7) (1,8) (2,7) (2,8) (3,7)
Light (1,5) (1,6) (2,5) (2,6) (3,5) (3,6) (4,5) (4,6).
(66)
The fermions have Fij = 1 while the bosons have Fij = 0.
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